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1 Introduction 



The study of theories living on stacks of branes in string/M-theory has proved to be a very 
fruitful area of research over the past few years. In this context the AdS/CFT correspon- 
dence has led to crucial insights by providing a novel way to probe the non-perturbative 
aspects of these theories. While stacks of D-branes in string theory have turned out to be 
reasonably straightforward to model, the analogous case of stacks of M2 and M5-branes 
in M-theory have turned out to be much more difficult. According to the AdS/CFT cor- 
respondence the physics of a stack of M2-branes should be captured, to leading order, by 
eleven dimensional supergravity in the near-horizon limit of the stack, i.e. on the space 
AdSi x S 7 . In the dual picture, there should be a CFT describing the multiple M2-brane 
physics living on the boundary of AdS^ which realises all the bulk symmetries. 

A Chern-Simons (CS) matter theory [1] satisfying these requirements, i.e. having su- 
perconformal N = 8 symmetry and SO (8) R-symmetry, was found by Bagger and Lambert 
[2, 3] and Gustavsson [4] (BLG). At the classical level the theory has a unique gauge group, 
50(4) = SU(2) x SU(2), which indicates an interpretation of the theory as describing two 
M2-branes. Subsequently, a lot of progress has been made by considering theories that have 
only N = 6 superconformal symmetry manifestly realised [5] then providing a description 
for stacks with any number branes. However, this work and more recent results show that 
the N = 8 theory can be generalised at the quantum level to describe any number of 
M2-branes, see e.g. [6] and references therein. This also includes a better understanding of 
the U(l) factor related to the centre of mass. 

An important ingredient in the AdS/CFT correspondence is the kind of boundary 
conditions that are imposed in the variational problem relating the bulk and boundary 
theories. The predominant boundary condition used is the Dirichlet one, where the varia- 
tions on the boundary are required to vanish. This leads to CFTs in a fixed geometry, the 
BLG theory being one example of this. In this paper we will follow the ideas proposed in [7] 
and investigate the boundary theory that may be obtained by instead imposing Neumann 
or, more generally, mixed boundary conditions as discussed in [8]. 

In the Neumann variational problem, a consequence of the metric variations being 
non-vanishing at the boundary is that the boundary stress-energy tensor has to vanish. In 
order to allow for a non-vanishing stress-tensor we need to use mixed Dirichlet-Neumann 
boundary conditions, for which one has to add a gravitational Chern-Simons boundary 
term -j^Scs to the bulk action 1 [8]. For k = we recover the Neumann case, with vanishing 
stress-energy tensor, while k = oo sets the graviton fluctuations to zero at the boundary, 
thereby recovering the Dirichlet case. This and a number of other considerations relevant 
to this problem can be found in [7]. 

In light of this it is natural to couple superconformal J\f = 8 matter, e.g. in the form 
of BLG theory, to (superconformal N = 8) Chern-Simons gravity in order to investigate 
the whole range of boundary conditions between Dirichlet and Neumann ones. Such a 
coupled theory was first considered in [9] where part of the theory was obtained. Using 

1 Note that while the bulk theory is parity even the gravitational Chern-Simons boundary term, which 
enforces the mixed boundary conditions, is parity odd. 
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three different methods, Noether, on-shell susy algebra and superspace, we will in this 
paper complete this computation and derive the most general theory of this type, referred 
to as the topologically gauged M = 8 Chern-Simons matter theory (TGCS) in analogy 
with the J\f = 6 case derived in [10] and further studied in [11]. One result of coupling 
superconformal J\f = 8 matter to superconformal N = 8 Chern-Simons gravity is that the 
SO (4) gauge group of the BLG theory is either left intact or reduced to SO(3), but, more 
importantly, the coupling of conformal supergravity to the free M = 8 matter can be 
performed for any gauge group SO(N). Thus, in this latter case the BLG gauge sector 
has been replaced by another one related to SO(N). Furthermore, in this case there is 
only one Chern-Simons term as opposed to the two SU(2) terms with opposite signs that 
occur in the BLG quiver model. If the gauged theory also has an interpretation in terms 
of branes these theories would then describe arbitrary stacks of M2-branes, although it is 
not clear how many that would be for a given N. 

The complete 2 Lagrangian for superconformal M = 8 matter coupled to supercon- 
formal N = 8 Chern-Simons gravity is given in the next section, but focusing on the 
deformation of the BLG theory (i.e. N = 4) we get, dropping terms with explicit gravitino 
fields, 

T _ ItSUGRA i t BLG e Y 2r> -i/new 
h — g^conf + ^cov - 16 A U ~ V 

+&e(%V a X 2 - IW^Xlxl + 2<S a r IJ V b X I a X b J ), (1.1) 

where we see that the scalar potential, apart from the original contribution from the BLG 
theory, has received a new term given by 

V neW = TO ((* 2 ) 3 " 8(X 2 )X b J xJx?X b K + IGXlxlxixixfX?) , (1.2) 

where g is the (conformal) gravitational coupling constant [11] possibly related to a level 
parameter of the gravitational Chern-Simons theory. The theory therefore depends on two 
parameters, the ordinary level parameter A = 2 ^ L , extracted as usual from the structure 
constants, and g. As we will see later these can be combined and interpreted as two 
ordinary level parameters related to the two CS terms in the quiver version of the theory. 
Note, however, that this new part of the potential is independent of the structure constants 
jabcd an( ^ tn US appears even if we start the gauging from the free matter theory. In this 
case we therefore find an entirely new theory with gauge group SO(N) that is not related 
to BLG at all and is consistent for any N > 1. 

In the above Lagrangian L^G RA is the action for superconformal Af = 8 Chern- 
Simons gravity, see (2.1) below, L^ G is the BLG action (2.10) covariantised in the sense 
that the covariant derivatives also contain a spin connection and an 50(8) R-symmetry 
gauge field. In addition one should note that the usual BLG relation between A^ b a (the 
3-algebra connection) and A a b a (the field with respect to which the Lagrangian is varied) 
is generalised to 

Af := Aftfej* - f 8f d ) . (1.3) 

2 Possibly modulo terms of cubic order in the Rarita-Schwinger field. 
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The new term in the potential given above is positive definite and can be evaluated 
for a single or a multiple scalar vacuum expectation value (VEV) v. The resulting value 
of the potential is of some importance when looking for background solutions. As will 
be discussed in more detail in section 2, this theory has AdS% solutions corresponding to 
topologically massive supergravity (TMSG) theories. Interestingly enough, similar to the 
J\f = 6 case where, as pointed out in [10, 11], the AdS solution is at a chiral point in the 
sense of [12], for the theory with J\f = 8 derived here the value V{v) of the potential is 
different but does also seem to correspond to critical values. In fact, depending on how 
many scalars p are given the VEV v one finds both critical AdS and critical warped AdS 
solutions [13]. This difference between M = 8 and TV = 6 has of course consequences for 
how the spectrum is organised in the different cases and should be studied further. We 
intend to return to this question elsewhere. 

We also investigate whether the particular coupling to conformal supergravity we find 
in M = 8 has a counterpart for N = 6 and find that it does not. This means that the 
results found in [10, 11] do not admit any further generalisation. 

The paper is organised as follows: In section 2 the theory is derived using the Noether 
method in the 3-algebra formulation, thereby completing the results of [9]. In this section 
it is also explained how to compare these results to the ones obtained in the algebraic 
and superspace approaches presented in the following two sections. Thus in section 3 the 
theory is derived by closing the on-shell supersymmetry algebra generalising the method 
of the original references [2, 3]. The derivation in superspace is given in section 4, and we 
end with conclusions and a discussion in section 5. Some technical details can be found in 
the appendices. 

2 The Noether method 

The theory we construct in this paper is the result of turning the global symmetries of 
N = 8 superconformal matter theories into local symmetries without destroying their 
conformal properties. The first example of this kind of gauging was given in [9] where it 
was applied to the BLG theory. The requirement of maintaining the conformal symmetries 
implies that the supergravity sector must itself consist of Chern-Simons (CS) terms, or in 
other words, be topological. The topological aspects will play an important role for what 
kind of degrees of freedom the gauged theories describe. That this kind of gauging does not 
add any new degrees of freedom (see e.g. [14]) was the main reason for the construction 
in [9]. We emphasise again that the construction also leads to a topologically gauged 
version of the free M = 8 superconformal matter theory in which case we find a somewhat 
unexpected new result: The allowed gauge group is in this case SO(N) for any positive 
integer N. Thus our results apply to stacks of branes as well as to a single brane provided 
the interpretation in terms of branes is still valid after the gauging. For a discussion of 
this latter question, see [7]. Since the gauged free matter theories are unrelated to what is 
normally referred to as "the BLG theory" we will refer to all of them as just "topologically 
gauged M = 8 theories" and use "BLG" only when appropriate, i.e., when the gauge group 
is SU{2) x SU(2). Note that there is another 50(4) theory with only one CS term, namely 
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the theory obtained by gauging the free theory for N = 4. As will be clear later there is 
also a new theory which is a mixture of the two situations described above and that has 
only one SO (3) as gauge group. 

In this section we give a brief but hopefully accessible account of the topologically 
gauged N = 8 theories and how to derive them using the Noether method. The account of 
the complete theory given here in terms of the Lagrangian, transformation rules and field 
equations is written to facilitate the comparison to the results of the other two approaches. 
We also hope it will benefit the reader to have the theory given both in the three-algebra 
and the quiver versions including an explanation of how to convert between them. Since 
the three different methods used in this paper to derive the same theory rely on different 
conventions we will also make an effort to relate them. 

We also take the opportunity to mention here that in the case of N = 6 supersym- 
metries we provide in a later section a new derivation in superspace proving that the 
topological gauging of [10] is unique. This can in fact also be seen in the Noether approach 
[10] since there one can analyse the cancellation options for the relevant terms in 5L where 
this question arises. 

2.1 The conformal supergravity sector 

We start by presenting the pure conformal supergravity sector that is independent of the 
conventions used in the CS matter sector and is therefore the same in the three-algebra 
and quiver formulations. The fields in on-shell N = 8 conformal supergravity are the 
dreibein, e p a , the Rarita-Schwinger field, with a hidden R-symmetry spinor index, and 
the R-symmetry gauge field, B l j. The topological CS Lagrangian is [9, 15-17] 

LTugL = \e^Tr a (u^d u u p + ^u u u p ) - ie- l e a ^e^(D pX ulpl a D p X.) 

-e^TniB^Bp + ^B^Bp), (2.1) 

where the traces are over the three- and eight-dimensional vector indices for the spin- 
connection and SO (8) R-symmetry gauge field, respectively. The tilde on the covariant 
derivatives refers to the spin connection (Iwg which contains an ordinary second-order term 
w(e) plus a contorsion term K bilinear in the Rarita-Schwinger field X u- The covariant 
derivative is given explicitly in the subsection on the BLG theory below. Thus the three 
Chern-Simons terms in this Lagrangian are of third, second and first order in derivatives, 
respectively. 

The standard procedure to obtain local supersymmetry for the spin-connection is to 
start by adding Rarita-Schwinger terms to the dreibein-compatible w(e). That is, one 
defines 

= Ufj.a/3 + K pa p, (2.2) 

with 

= ~~ ^a/S/i + ^/w/" = 9^e v a — d^e^, (2.3) 

and 

i 

Kna/3 = —ziXnlpXa ~ XfilaXfS ~ Xal[iXp)- (2-4) 
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This combination of spin connection and contorsion is supercovariant, i.e. derivatives on the 
super symmetry parameter cancel out if tlwg is varied under the ordinary transformations 
of the dreibein and Rarita-Schwinger field: 

8e« = ie 1 a xn, Sxn = (2.5) 

The above Lagrangian is then supersymmetric if the R-symmetry gauge field varies accord- 
ing to 

SBj> = -l-eg^^r + 5B]i\ new (2.6) 

where = ^e^PD^Xp and 5B^\ new is a new term that is zero here but needed in the 
coupling to matter. With this latter term present the end result of the variation of the 
superconformal gravity sector is 

5L7u 9 L = ^ up 5B^\ new G% + -J^^x^^Xe^ (2.7) 

where G%, is the field strength of B^ . 

Following the strategy of [9] in the Noether approach, we will use the first term in 
bLfuJra above to determine SB l J\ new from the cancellation of terms in the variation of 
the Lagrangian. These new terms are all without derivatives and will be fed back into the 
computation through the second term in 5LsZgra above which then gives rise to terms that 
are first order in derivatives but quartic in fermions (counting also the susy parameter) 
and at least bilinear in the Xp- 

This supergravity theory is also invariant [9] under the following superconformal trans- 
formations with parameter r](x): 

<W* = 0, 5 sX p = lpV, S s B l J = ^ X p, (2.8) 
and dilatations with parameter 4>(x): 

<W* = $AXp = -^Xp, S A Bii = 0. (2.9) 

The strategy we will adopt in the Noether construction is to not allow 5xp = D^e to 
be extended by a term proportional to a 7 matrix thereby eliminating the possibility 
of the S-supersymmetry to mix with ordinary supersymmetry in the derivation of the 
gauged theory. Allowing for such a mixing would just complicate the calculations without 
adding any extra information apart from proving also the superconformal invariance of the 
whole theory. However, this invariance is built into the superspace formulation and will be 
discussed more fully in that context. 

2.2 The covariantised matter sector in the 3-algebra formulation 

We now turn to the 3-algebra formulation of the CS-matter sector. It contains the fields 
of the N = 8 BLG theory, i.e., eight real scalars, X l a , in the vector representation (indices 
i,j, k, ..) of the SO (8) R-symmetry group and eight Majorana spinors, tjj a , in a chiral spinor 
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representation of SO (8) (here with non-explicit spinor indices) together with a set of Chern- 
Simons gauge fields A^ a b in an as yet unspecified gauge group which acts on the 3-algebra 
index (a, b, c, ...) possessed by both the scalar and spinor fields. Recall that the classical 
ungauged BLG theory in flat space-time is consistent only for the gauge group SO (A) 
while quantum mechanically the situation is rather different (see, e.g., [6]). The CS-matter 
Lagrangian explicitly covariantised under the new local symmetries diffeomorphisms, R- 
symmetry and supersymmetry reads [9] 

Lblg = -leg^D^XibvXi + ^ a -fD^ a + ^(A^ ab d v Af + jA^A^Af) 

+^ a T i ^ b XiX' d f abcd - ±e{f abcd XlXlX*)(rfaXlX j f X k g ), (2.10) 

where we see that the scalar potential is positive definite and can be written as 

V(X) = ^{e ahcd XiXix\)(e aeSg Xixix k g ), (2.11) 

after using the substitution of the structure constants by A e abcd which is possible since the 
gauge group is 50(4) in this case. Here A is related to the level k by A = 
The supergravity covariant derivative is 

= + \0J m ^ a ^a + iBjir^a + A^, (2.12) 

and 

A ab := A cd f cdab . (2.13) 

Here the structure constants are completely antisymmetric and indices are raised and 
lowered with a delta (so we can be cavalier about the position, up or down, of the three- 
algebra indices) to avoid problems with unitarity in the scalar field sector. As a result of 
checking supersymmetry the structure constant must satisfy the fundamental identity 3 

f [abc g f e]f9 d = 0. (2.14) 

In terms of finite dimensional 3-algebras, this identity is known to have only one solution 
corresponding to A ab := A cd f cdab being an element of the Lie algebra of 50(4). The fact 
that 50(4) is the unique gauge group is in general not changed by the gauging which can 
be seen in all three approaches as long as the structure constants are non-zero. However, 
by tuning the two parameters it is possible to project away one of the two SU(2) factors. 
Furthermore, it is very important to note that after gauging one can set the ordinary BLG 
structure constants to zero, or just derive the gauged theory from a free N = 8 matter 
theory. In either case one finds a theory without any restrictions on the range of the 3- 
algebra indices and containing only a single Chern-Simons term with a gauge group SO(N) 
for any N. This fact is clear in all three approaches. 
The supersymmetry transformation rules are 

SX l a = ie m rVa, (2.15) 



The form of the identity given here was obtained in [18]. 



-8- 



5ip a = ^remD^Xl - \Vi k e m XlXiX k d f abcd + 5^ a \ new , (2.16) 

and 

8Af = tin-frx&i f cdab + 5A ab \ new , (2.17) 

where we have indicated where the corrections will appear in the topologically gauged 
theory. Note that elimination of the BLG gauge fields by setting the structure constants 
to zero thus just means that a new set of gauge fields are introduced as already mentioned. 

Note also that the parameter e m has an index m for matter since we will need to 
normalise it in a different way compared to the parameter in the supergravity sector which 
we henceforth will denote as e g in the Noether construction. This notation will also be 
useful when comparing the Noether approach to the algebraic and superspace ones. 

2.3 The new interactions in gauged BLG and the new M = 8 SO(N) theories 

We now turn to the new interaction terms that arise as a result of the gauging and that are 
not already included in the covariantised version of the BLG theory discussed above. As 
in the ABJM case in [10] there are new interaction terms both with and without structure 
constants although some of the terms that appear in the N = 6 case vanish identically in the 
J\f = 8 situation discussed here. For example, using the antisymmetric structure constants 
above, it is easy to see that no sixth-order scalar potential term can be constructed with 
only one structure constant in the N = 8 case. 

There will appear two parameters, A and g, in the expressions below of which the 
former is related to the structure constant as f abcd = \e abcd , with A = ^ and k is the level. 
The parameter g, on the other hand, is a dimensionless gravitational coupling constant 
(denoted g 2 M in the analogues M = 6 discussion of [11]) that must appear in such a way 
that the gravitational and matter sectors can be decoupled by letting g go to zero. While 
the way g appears is the same in all three approaches, the way it is introduced into the 
theory as well as its interpretation vary between the approaches. The two parameters will 
affect also the BLG part of the action and in particular the Chern-Simons term as will be 
explained in more detail below. 

Before doing that, however, we would like to emphasise that setting the structure 
constants, or A in the formulae below, to zero makes it possible to introduce a new gauge 
group, namely SO(N) for any N. This result is supported by the fact that, in any of three 
approaches, the range of the three-algebra index does not play any role in the calculation. 
Interestingly enough, there is a special new case with non-zero A but with a gauge group 
that is different from the BLG one, namely when the expression — \e cdab corresponds 
to P± = \{55 ± |e) which projects onto the self- and anti-selfdual parts. The gauge group 
has then only one SO (3) factor and hence only one CS term in the gauge sector. 
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The Lagrangian derived here takes the following form, using f abcd = \e abcd , 
-^Axyrf^WKxl e abcd + ^X Xlll ^ kl Xu XlXlX k c X l d e abcd 

x^xAxiDpXi) + iAj^r^xi + \x 2 r x » - teX 2 r 



l_ Aivp 

4 e 



+ i^e X ,l^i, a {XlX 2 - AXlXlXl) 

-1§E^ P X,J»X P ((X 2 ) 2 - A{XlXi)(XlXD) 

+ f A e{^ a X 2 - l^a^XiXl + 2$ a T i '4 b X i a Xi) 

-ot((^ 2 ) 3 " %{X 2 ){KXi){XlXi) + lQ{XlXl){xlx k b ){X k c Xl)), (2.18) 

where A 2 = ^, X 2 := X l a X a and the covariant derivative is as given above. Note that the 
new potential appearing on last line in the Lagrangian can be written as a square as follows 

= A(( x2 ) X a ~ ±{X l b X k b )X k a ) 2 . (2.19) 
The full set of supersymmetry transformation rules for the coupled theory is, with 

5e« = ie gl a X », (2.20) 
Sx„ = D^g. (2.21) 

SBf = -j-jg^^r - 3 ^ alfl rh m x£ - ^ al ^ k e m X k 

-m x ,T k h g X^X k a - %x^e g X 2 (2.22) 
5X l a = ie^rtya (2.23) 

5i/> a = ^re m (D^Xi - iAx^a) - ^ k e m X l b XiX k e a bcd 

+IVe m XlXlXi - l 2 re m XlX 2 (2.24) 

5A ab = -i\e ml ^ c X d e cdab - % X ^e g Xlx{ e cdab 

+^e mllJ ,T%Xi ] + ^ X ^e g X a Xi (2.25) 

We now give the main steps needed to derive this Lagrangian and the transformation 
rules in the Noether approach. The first step is to add the coupling term between the two 
sectors, the supergravity and CS-matter sectors, i.e., the supercurrent term which is the 
last term on the first line in the Lagrangian. It couples the Rarita-Schwinger field Xn to the 
supercurrent constructed to be conserved at the linear level in the fields 4 . In the standard 
fashion conservation of the supercurrent implies a gauge transformation of the gauge field, 
which in this case is just the supersymmetry transformation Sxp, = D^e g . 



4 There is another conserved supercurrent which, however, can be seen to be equivalent to the one used 
here modulo terms involving the Dirac equation. 
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The variation of the Lagrangian is then organised according to the number of covariant 
derivatives (counting field strengths as two derivatives) in each term. Cancelling all terms 
in 5L of second order in derivatives (third-order terms occur only in the supergravity 
sector) requires the addition of new terms in the Lagrangian and in the transformation 
rules. These new terms are the ones in the second and third lines in the Lagrangian (which 
are independent of the parameter g) and all the new terms in the variation of the gauge 
field 5Bp\ new while only the new g independent term in 5A a ^\ new is derived at this stage 
in the calculation. The term 5ip a \ new , on the other hand, is determined entirely at order 
one derivative. This result was obtained already in [9] to which we refer the reader for the 
details of the calculation. 

To cancel also the terms at order one derivative in 5L we need to add the terms 
corresponding to 5ijj a \ new and the g dependent terms in (5^4^ | new The remaining terms in 
the Lagrangian all arise at this level except the potential term which is multiplied by g 2 . 
At this point the full set of transformation rules is determined. The terms at this order 
that we need to prove cancel in 5L are with two spinors 

eD^X 3 , eD X X A , (2.26) 

and with four spinors 

eDxi; 2 , eD X 2 iiX, eD X 3 X 2 , (2.27) 

where the last three have not been checked in detail. 

Finally, checking that also the non-derivative terms cancel in 5L will provide the coef- 
ficients of the new scalar potential terms proportional to g 2 but beyond that we only get 
a number of cross-checks. The terms involved here have two up to eight fermionic quan- 
tities (fields together with the supersymmetry parameter) and some of the cancellations 
will lead to extensive fierzing. In the Noether approach, however, we have only done the 
computations needed to obtain the final terms in the Lagrangian with one cross-check on 
the coefficients in the potential. The Lagrangian presented above is, however, the complete 
answer possibly up to terms cubic in the Rarita-Schwinger fields. However, although we 
don't know for sure if terms with more than two Rarita-Schwinger fields can occur, we 
know from the Noether calculation with M = 6 super symmetries carried out in [10] that 
some terms of this kind were checked and seen not to appear. Modulo such cubic and 
higher terms in the Rarita-Schwinger field, the only four-fermi term in the Lagrangian is 
the term that supercovariantises the the derivative in the supercurrent term. 

The terms without derivatives that have explicitly been checked to cancel are 

e X X\ e^X 3 (2.28) 

which fixes the coefficients in the potential and provides one cross-check on the result. 
In addition we have confirmed that the terms etp 3 X cancel which requires some simple 
fierzing. This calculation can be found in the Appendix. 

We end this subsection with a discussion of the CS terms in the gauge sector since 
these have changed relative the covariantised BLG theory given above but we have not 
yet explained exactly what has happened. Looking at 5A^ it seems as if f abcd has been 
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replaced by f ab c d ~ f $cd Du t this replacement is not natural in other sectors of the theory. 
However, as can easily be checked, when discussing the CS term for A ab this replacement 
is consistent with the requirements that one needs to put on the variation of the CS term, 
for instance when obtaining the field equations. We will in fact take advantage of this 
property of the CS term below. That this is a correct procedure for dealing with the CS 
term is supported by the results of all three approaches as will be demonstrated in the last 
subsection. 

Thus we end the discussion here by just quoting the answer: 

Lcs(A) = \e^ p (A^ ab d u Af + ^A^AfAf), (2.29) 
where, as indicated by the form of SAf^, we have 

Af:=A*{\f?**-lS%), (2.30) 
which is a direct generalisation of the ungauged BLG definition which corresponds to g = 0. 
2.4 The field equations and AdS^ background solutions 

We start with the field equations in the supergravity sector. The Cotton and Cottino 
equations are easily obtained from the Lagrangian given in the previous subsection but 
since we will here primarily be interested in the background solution only the bosonic part 
of the Cotton equation is given. 

The variation with respect to the dreibein, or the metric if the spinors are set to zero, 
leads to the following Cotton equation 

- § [D^C a D v JC a - \g^D° XlD a Xi) - ^DX 2 + ^ V M V U X 2 = 0. (2.31) 

The equation of motion for the R-symmetry gauge fields, on the other hand, will be useful 
to have in more detail. Up to x dependent terms it reads 

l e ^G% - eg^{D v xl)X$ + \e^V^ a = 0. (2.32) 

Turning to the matter sector we first give the scalar field equation. Discarding the 
fermions it becomes OX^ — ^X l a R — dx^ V(X) = which can be seen to be consistent 
with the trace of the Cotton equation. In fact, combining these two scalar equations leads 
to the condition on the potential XdxV(X) = 6V(X) which is obviously correct in a 
three-dimensional conformally invariant theory. With the potential given above the full 
Klein-Gordon equation without \ dependent terms becomes 

OXi - \X a R - ^e a hc *X{Xy^X d XlX) 

-^- 2 (3X a (X 2 ) 2 - 8X a (XZX*)(XlX k c ) - lQX 2 X k a X k b X\ + 48^(X^)(X c fe X*)) 

-f ir^ d x^ H + %{^ h xi - lo^xi + 2^ a r^ b xl) = o. (2.33) 
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The field equation for the gauge field A ab is, again discarding the x terms, 

- eg^(D^Xi)M^X l d + ^ cl ^ A M<* = 0, (2.34) 

where 

M$ = \e ab cd -I5? d . (2.35) 

The Dirac equation will also be useful in comparing the results from the different 
approaches. It reads, discarding the % dependent terms, 

YD^a + ^ij b XiX' d e cdab + U^X 2 - 10i> b X a Xi + 2F^ b X a Xi) = 0. (2.36) 

We end this subsection by noting that similar to the J\f = 6 case in [10, 11] the above 
bosonic field equations are solved by a scalar vacuum expectation value (VEV) v and an 
AdS-i, metric satisfying 

R = -W^9 A . (2.37) 

As for N = 6 we find also in this case that the vacuum solution corresponds to a topolog- 
ically massive supergravity. However, there is an important difference namely that while 
in N = 6 the solution [10, 11] corresponds to a chiral point in the sense of [12] that is not 
quite the case here. Determining the relevant parameters as defined in [12] we find for the 
theories discussed here that fil = g while the chiral point corresponds fil = 1. The value 
fj,l = 1 is, however, obtained if we give two scalar fields the same VEV. Using the following 
form of the scalar VEV matrix 5 

<x * > -[ o oj' 

with p = 2 thus gives an AdS solution of the kind found in the N = 6 case. Interestingly 
enough, by giving the same VEV to 3 or 6 scalars, i.e., for p = 3 or p = 6, we also find 
solutions corresponding to the critical value [il = 3 in the analysis of warped AdS$ in [13]. 
Note that ending up at some critical point is natural for reasons having to do with massive 
graviton modes whose presence would be hard to explain from the point of view of the 
topological gauging, see for instance the discussion in [7]. This analysis still needs to be 
done in detail and will be discussed elsewhere. Finally, four scalars with the same VEV 
gives a vanishing V new . Note that this discussion of solutions is valid for the case with zero 
BLG structure constants, i.e., for the new SO(N) theories, and may be altered for p > 3 
if the BLG structure constants are kept non-zero. 

2.5 Rewriting the results of the Noether 3-algebra approach in quiver form 

We will now convert the theory above from the 3-algebra to the quiver formulation. The 
field equations written in this formulation will then be easily compared to the ones obtained 
in the superspace approach which is also in quiver form. As will be clear below, in the 
quiver formulation it is natural to introduce the two parameters discussed above as two 

5 This analysis may be carried out also for the new potential in the topologically gauged M — 6 case [10]. 
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level parameters tied to the two chiral parts of the gauge field since after the topological 
gauging they are no longer related to each other. However, we find that the gravitational 
Chern-Simons terms in the gauged theory do not seem to make room for any additional 
level parameters although levels can be defined also in that sector, see e.g. Home and 
Witten [19]. In fact, the three methods of derivation introduce the free parameters in 
different ways and seemingly for different reasons. Nevertheless, they all point at the same 
result, namely that the maximum number of free parameters (or levels) is just two. 

2.5.1 Conversion rules 

Starting from the real fields X l a where i takes 8 values and the 3-algebra index a 4 values 
(as a vector of the gauge group 50(4)) and introducing elements T a of the three- algebra 
satisfying Tr(T a T b ) = 5 ab we define X* = X l a T a . Hence 

L KG = -iD^XlD^Xi = -±Tr(D»X l D^X l ) = -tr(D»X l D^ 1 ), (2.38) 

where in the last step we have used 



X = X a T a 



X 

xt o 



Note that the symbol tr refers to the 2-dimensional trace over the indices of the matrices 

1 / X 4 + iX 3 iX 1 + X 2 \ 



I m m = -(I 4 l + w T) = -lV 



iX v - X 2 X 4 - iX' 



and 



whose determinants are 50(4) invariant. 
With the definitions above we have 

1 / T a \ 

We can now define self-dual projections by considering 

rpab _ rplarpb] _\( T ah \ 

" 4 ^ f ab J ' 

and noting that T ab is self-dual and f ab anti-selfdual. 

Turning to the triple product terms we have, from the definition of the three-algebra, 

[T a ,T b ,T c ] = f abc d T d , (2.39) 

that 

X i a XlX^f abc d T d = X a X 3 b X*[T a , T b , T c ] = [X\ X j , X k ]. (2.40) 
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In terms of matrices this becomes 

{X^X^X k ^) m ™\ 
(X^X^X^) m m J ' 

With these definitions we can now translate the Lagrangian terms 

r 1 nf vi n v< A 2 yi vj yk fabc -yi -yj -yk ra'b'c'd 

L - -jLI A a _L^A a - ijA^^AJ d A a ,A 6 ,A c ,/ 

= -^TriD^XW^) - ^Tr([X i ,X j ,X k ],[X i ,X j ,X k ]) (2.41) 

into the quiver formulation as [20] 

L = -triDXWX^) - ftr((l''I tj I fc ])(I t l , I 3 I tfc l)). (2.42) 

Varying this with respect to X'* we get, after collecting and rewriting the three terms that 
are obtained in the variation, 

OX* - 8X 2 X j (X^X j X^)X k = 0, (2.43) 

where we also have inserted the level parameter A that can be extracted from the structure 
constant. Comparing with the results in the superspace approach in section 4 we find that 

c 2 = A 2 . (2.44) 

Note that in this comparison the superspace expressions must be rescaled using 
in order to get the supersymmetry transformations on the same form, which in fact also 
requires the susy parameter in superspace e — > v2e := e m , the Noether parameter in the 
matter sector. 

Repeating this for terms with four fields and one structure constant we find 

l ^ a T ij tp b XiX J d e abcd = ^iXtr^T^^X^^), (2.45) 

while terms without structure constants are simpler 

tya-fD^ + ^MaX 2 = itr(^D^) + %t r (W>*MX i X*). (2.46) 

When discussing the last type of expressions containing three fields that are not anti- 
symmetrised, it is important to establish that the 3-algebra and quiver formulations have 
a one-to-one relation. In particular we need to show that all quiver expressions in three 
fields can be written with one trace in order to translate them to the 3-algebra language. 
That this is indeed the case can be shown as follows. The set of five possible expressions 
with three quiver fields contains two expressions with a trace 

A = (xTmtr(XiX^), B = (X^triX'X^), (2.47) 

and three expressions without a trace 

C = (XtxVx'^m, D = (XiX^Xifm, E = (XiX^X^m, (2.48) 



[X i ,X j ,X h 
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which, however, are linearly dependent. In fact, by cycling the two-dimensional indices it 
follows that A and B may be used as a basis: 

C = E = \A, D = B-\A. (2.49) 

Next we use the four-dimensional 3-algebra indices (assuming that the gauge group 
is 5*0(4)) to split the fields into self-dual and anti-self-dual parts. We consider first the 
covariant derivative 

D^X a = d^X a + A^ ab X b = d p X a + (2A - f )A+ ab X b - (2A + § )A~ ab X b 

= d,X a + (2A - l)A+ ab X b + (2A + f )X b A~ b a . (2.50) 

To get these expressions into quiver form we multiply by 3-algebra elements T a and define, 
following [20], the covariant derivative to be 

D,X m ^ = d,X n ™ - (f - \)A L ^X n ™ + (f + X)X m -A^. (2.51) 

To reach this form we have used the relations 

A± = \A L J R = \A L J™o\ (2.52) 

where the gauge fields belong to the gauge group SUl(2) x SUr(2), i.e. the index structure 
is A^ 4l (a l ) m n and A R4l ( 

& l )m n - As a final step we absorb the multiplicative factors into 
the gauge fields to get the covariant derivative in its standard form 

D V fh _ a y fh aL n y- fh . y- n aR fh in ro\ 

1J \j, J ^ra — U^Si-m — A pm v\ n -f JV m ■ I^Z.dOJ 

Now we repeat these steps for the CS term where we should note the factor of i in the 
definition of the quiver gauge fields above which therefore are anti-hermitian. Thus 

Lcs(A) = \^"{2X - l){A+ ab d v A+ p » b + |(2A - l)A+ ab At ac A^ b ) 

_ i e ^ (2A + Z) { A- ab d u A~ ab - |(2A + f )A- ab A-™A- A ). (2.54) 
In terms of the (anti-hermitian) quiver fields this becomes 

Lcs(A) = \^ vp {% - X)tr(AfaA L p + |(f - \)A L p A L u A L p ) 

+ i e ^P(| + \)tr(A*d u Af + |(f + \)A*A*Af), (2.55) 

which after the same absorption of coefficients as above becomes 

L CS(A) = l L CS(A L ) + j/ L CS(A R ), (2.56) 

where we have identified the coefficients 

a := | - A, a' := § + A. (2.57) 

These correspond in fact to the ones used when setting up the superspace calculation, then 
defined as the levels for the two independent SU{2) factors in the quiver formulation of 
the SO (A) theory. 
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With these parameters present it is trivial to see that one can either turn off the 
BLG gauge group by letting A — > or the coupling to gravity by sending g — > 0. In 
the latter case one must as usual first rescale away the inverse factor of g in front of the 
gravitational Chern-Simons terms so that the limit is not singular and all gravitational 
couplings to matter and gravitational self-interactions become proportional to positive 
powers of g. This is done by sending the variation of the dreibein, the Rarita-Schwinger 
and R-symmetry fields to ^fg times themselves. Note the gauge field A°^ appears in a 
slightly different form when using the above definition of the corresponding tilde field. To 
get an analogous situation for the gauge field it needs a redefinition by a square root of the 
tilde factor but this can only be done after splitting A°^ into self-dual and anti-self-dual 
parts as done above. 

2.5.2 The quiver formulation 

Here we use the conversion rules discussed above to present the result of rewriting the 
Lagrangian and transformation rules as found in the Noether approach in quiver form. 
Note that in doing so we continue to use the two supersymmetry parameters in the Noether 
approach e g , e m related by e g = 2Ae m , where A 2 = i. 
We start with converting the matter sector. We find 

Lblg = -eg^triD^DvX^ + ietr^D^) 

+lae^(AfaA L p + faAj^Aj) + \a'e^(A^d u A^ + fo'Aj^?) 
^iXetr^T^^X^) - ^-etr{{X l X^ X k )(X^X^ ' X^ k )), (2.58) 

where we used the definitions (and the notation a, a', b, c from superspace) 

a = 6 + c =|-A, a' = 6-c=f + A, (2.59) 

The supergravity covariant derivative 

= + \u mPl a ^ + \B»r^ — a A^ip + a' i/>A%, (2.60) 

and similarly for its complex conjugate ^ . 

The supersymmetry transformation rules are 

SX i = ze TO rV, (2.61) 

<fy = l^emb^ - fr l ^ k e m X l X^X k + 5^\ new , (2.62) 

and 

6A% = ie m7 ^r(X>t _ ^yti) + SA^\ new , (2.63) 

with a similar result for Ajj and where we have indicated where the corrections will appear 
in the topologically gauged theory. 

Note that the parameter e m has an index m for matter since we will need to normalise it 
in a different way compared to the parameter in the supergravity sector which we henceforth 
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will denote as e g in the Noether construction. This will also be useful when comparing the 
Noether approach to the algebraic and superspace ones. 

We can then present the entire theory in the quiver formulation: 

L = ^127 + L^ G + 2iAex^^(tr^D u X^) - ^Atr^Vxu) 
+ ^Ax^T ijk tr{t/;X^X j X^) - i -f X ^T ljkl X vtr{X i X^X k XV) 
-^ X ^ ij Xvtr(XW p X^) + 2iAf^THr(i;X l ) + \tr{X 2 )]^ ~ ltr(X 2 )R 
+ ij £ex^T i {tr{i)X i )tr{X 2 ) - Atr{^X j )tr{X ij )) 
-^ X ,luX P ((tr(X 2 )) 2 - 4tr(X*>(X«)) 

+ m(tr(^)tr{X 2 ) - mr(i>X^)tr(i)X^ i )+2tr(X i ^)T i hr{^X^)) 
—^{{tr{X 2 )f - 8tr{X 2 )tr(X ij )tr(X ij ) + mr{X ij )tr(X jk )tr(X kl )) (2.64) 

where A 2 = ^ and we have introduced the short-hand notation tr(X l i) := tr(X l X^) and 
tr(X 2 ) = tr(X u ). The covariant derivative is as given above. 

The full set of supersymmetry transformation rules for the coupled theory is, with 

Se^ = ie gl a X», (2-65) 
5 X » = D^g, (2.66) 

5B H = -Te^lu^r ~ ^tr^ThmX^) - f tr{^^ k e m X^ k ) 

-fx„r k h g tr(X^X k ) - % X ^e g tr{X 2 ), (2.67) 

8X i = «e m rV, (2.68) 

<ty = 7 At r l e m (^X i - iAx^) + f Y^ k e m {X l X^X k ) 

+ZVe m tr(XV)Xj - ^VemXHriX 2 ), (2.69) 

SAi = -ie m ^r^X^ - XV f ) - ix^egX'XV, (2.70) 
5A* = -ie^r^x* - Xt>) - /•\ / ,r ; ' ( „.V i '.V. (2.71) 

2.6 Establishing the equivalence of the results in the different approaches 

In this subsection we establish the relation between the three approaches and show that 
the three sets of results are equivalent. This is most easily done by verifying that the 
final form of the transformation rules are the same which can be done after finding the 
proper relations between fields and parameters in three cases. There is a number of sign 
conventions that we will not try to sort out. Instead we will determine the connection 
between the parameters in the various approaches only up to signs but this will be enough 
to see that the most important features, like the form of the new potential terms, are 
exactly the same in all three approaches. 
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Consider first the transformation rules obtained in the Noether approach written in 
3-algebra language and the ones derived in the algebraic on-shell supersymmetry approach 
in the next section. The equivalence between these two sets of transformation rules is 
established if one extracts A as usual from the structure constants in the latter case and 
set 

a 2 = ±g 2 . (2.72) 

In this case also signs can be made to match by noting the freedom we have to place the 
gamma matrices in a prescribed order. This will produce signs in the algebraic approach 
since there the gamma matrices in the space-time directions anti-commute with those in 
the eight internal directions. 

Next we recall the quiver form of the transformation rules in the Noether approach 
obtained in the previous subsection. To translate the corresponding equations obtained 
in the superspace approach back to the Noether approach we need to identify fields and 
parameters as follows, with A 2 = ^, 

A = V, Xi = A^X', e = e g = A~ l e m , (2.73) 

This will also establish the equivalence of the supersymmetry algebras in the different 
approaches. Inspecting the transformation rules for the scalar and spinor fields in the 
matter sector we find that the equivalence between the Noether and superspace approaches 
follows from the identifications: 

b= \{a + a!) = §, c= l(a-o') = -A, (2.74) 

and hence 

a = | - A, a' = | + A. (2.75) 
3 The SUSY algebra approach 

In this section we will outline how to derive the field equations of M = 8 superconformal 
matter-coupled supergravity in three dimensions by requiring that the supersymmetry 
algebra closes. This method was used by Bagger and Lambert [3] to derive the BLG theory 
and below we will see that extra structure is allowed, in the sense that the 5*0(4) symmetry 
of the BLG theory can be replaced by SO(N), by coupling to J\f = 8 superconformal Chern- 
Simons gravity. The presentation here will focus on the method and results; for more 
technical details see appendix C. The computations in this section have been facilitated by 
using the Mathematica package GAMMA [21]. 

3.1 Field equations of topologically gauged M = 8 BLG and SO(N) theories 

Using the same conventions as in [9], we have the following SUSY transformations for 
conformal Chern-Simons supergravity 

6x» = D^e , (3.1) 
SB 1 / = —e-hF^T^r, 
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where x is the gravitino and Bj/ is the £0(8) gauge field. The supersymmetry transfor- 
mations for conformal matter without coupling to gravity, as described by the BLG theory, 
are [3] 

5Xl = ieT^a , 

6^ a = D^Ximh - \xlX J c XfT IJK ef hcd a , (3.2) 
<5i/ 6 = ieT^X^df^b . 

In order to couple these theories we make an ansatz for the SUSY transformations for the 
combined theory where we add all possible terms, to lowest order in the gravitino, allowed 
by the dimensions of the fields, arriving at 6 

<5e M Q = a 1 ieT a x fJ , , 
5 Xpk = axb^ + a 2 T ll eX 2 + 0( X 2 ) , 

sb 1 / = -^ ai e- 1 (er IJ r u r^r) + i a3 (^ a r^ I e)x^+ia 4 (^ a r K r IJ r^)x^ 

+ia % ( X ^ K[I t)X J JX« + ia 9 ( Xf iT IJ e)X 2 + 0( X 2 ), 
5Xl = HT^a , 

5* a = -{D,Xi - l-x^^T^e + \XlX J c X* T IJK ef bcd a (3.3) 

+ a^eXiX 2 + a^eXixixl + 0( X 2 ) , 

8A* a = ieT^X^df^a - iarer^X^a] + ia 10 (er 7J x M )X c J X d J / c< \ 

+ia ll {eT LJ x^)X I b Xi + 0{x 2 ) ■ 

where the constants Qj will be determined by requiring closure of the algebra. To simplify 
the ansatz we have used the freedom of making field redefinitions and the fact that two 
SUSY transformations of the fields are only allowed to contain <9e-terms when acting on 
gauge fields 7 . 

The commutator of two supersymmetry transformations must close up to the symme- 
tries of the theory; in our case general coordinate transformations, supersymmetry trans- 
formations, Lorentz transformations, 50(8) and three-algebra gauge transformations and 
superconformal transformations. Note that all the global symmetries of BLG have been 
promoted to local ones when we couple to supergravity. 

Due to the simplicity of 5X^ we start by computing the commutator of two super- 
symmetry transformations on X\ in order to identify the parameters of the symmetry 
transformations into which the SUSY algebra closes. Using the SUSY variations above we 
get 

[S u 5 2 }Xi = v^D^Xi + 5 Q Xi - K'jXi + k b a Xi , (3.4) 

6 We have changed the sign of some of the standard BLG variations in order for the conformal Chern- 
Simons supergravity and BLG transformations to close into a translation having the same sign. 
7 This in particular removes two possible X times % terms in 8X^. 
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where 



= 2ie 2 r^ei , 

Q = -— ^ x , 

A IJ = -2ia 5 (e 2 r /J ei )X 2 - Ua & {e 2 T^ K ei )X J b ] ) , (3.5) 
A\ = i(e 2 r* L ei)(Xf Zf/ C * a - 2a 6 Xf X a L ) . 

We have here kept subleading terms in the gravitino in order to identity the supersym- 
metry parameter Q, but from now on we will only focus on the leading behaviour in the 
gravitino 8 . In addition to the standard BLG terms [3] there is now a local supersymmetry 
transformation, a local 50(8) rotation and an additional term in A b a . 

We now turn to the computation of [6%, 5 2 ]^a- Using various Fierz rearrangements we 
find, to lowest order 9 in x 

[SlM^a = ^D^a ~ \kljT IJ ^ a + A b a ^ b + S S ^ a 

-^(e 3 r JfL e 1 )(...) (3.6) 
+ (e 2 r^r IJKL e 1 )T^---) , 

where 5s denotes superconformal transformations and ellipses has been used to represent 
messy explicit formulae. To start, we note that we must have a\ = ±y/2 from the require- 
ment that [<5i,<5 2 ]e M Q generates the same transport term as in [S±, <5 2 ]X„. 

We now analyse the different gamma-structures in (3.6). The I^ 5 ) term does not 
represent symmetries of the theory, as can be seen from (3.5), and therefore this term 
must vanish. From the I^ 1 ) term we can read off the Dirac equation, and finally the 
constitutes a consistency condition. Collecting the results 10 we find 

a 2 = «i(2a 5 + \a 7 ) , 

a 3 = 2a 7 , (3.7) 



CtQ = \oL1 



and the Dirac equations is 



= m a + iTuXlxjf^a^t, + (3a 5 + f )XH a - ^XiT^f^ 

+ (3a 4 + 2a 7 )X I a X I b ^! b + (3a 4 + ^)r TJ X^X 6 J * 6 , (3.8) 

where we have included x-terms yielding curvatures upon variation as they will be impor- 
tant in the derivation of the Klein-Gordon equation below. 



s This also means that we will not be careful regarding determinants of the vielbein in the expressions 
below as they will only give gravitino terms upon supersymmetry variation. The correct factors can be 
deduced when integrating the field equation to an action. 

9 There is no supersymmetry variation included in the RHS to lowest order in \ as Q ~ X- 
10 In additions four of the five parameters of the superconformal transformation are determined, see 
appendix C for details. 
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We now compute [Si, S2]A fl b a , which must take the form 

[Si, S 2 ]A b a = -v v F^ b a + D^a , (3.9) 
from which we can read off the field strength 

b , ( ( \rl f-\\ \rj i vf, -pA.Tr \ j?cdb ( \rl j\X \rl i vf r nA, 



V« = e^ x ((X<D*X< d - ^ c T^ d )f cM a - a 7 (X( b D A X a] - [b T^ a] )) (3.10) 
and the constraints 



a w = — 



"11 = -f ■ ( 3 - n ) 

In this computation we need to use the fact that f abcd satisfies the fundamental identity. 
A further constraint from this computation is that a non-zero f abcd implies that the range 
of the three-algebra indices can be at most four. We thus see that in order to access the 
SO(N) sequence of gauge groups for N > 4 we need to set / abcd , which parametrizes the 
BLG theory, to zero. Note however that when the range of the three-algebra indices is four 
we do get a deformation of the BLG theory, with the interesting self- and anti-self-dual 
cases discussed in section 2. 

We now turn to closing the SUSY algebra on the gravitino. To lowest order in the 
gravitino it is only the superconformal transformation that contribute in the right-hand 
side of the algebra 

[SiMx* = SsX^ + Oix) ■ (3.12) 

The vanishing of terms not of this form implies that 

a 3 + 8Q 4 = 0, (3.13) 

and the requirement of matching the superconformal transformation read off from closing 
the supersymmetry algebra on yields 

«5 = —\ a 7 ■ (3-14) 

Let us now consider the SO(8) gauge field. From the requirement that 

[Si, S 2 ]B fl IJ = -v»G^ u IJ + D„A IJ , (3.15) 

we can read off the SO(8) field strength 

G^ V IJ = 2a 7 e^ p (xl I D p X^ - f# a r p r /J * ) (3.16) 

and the constraints 

«8 = 4^ , 

«9 = -2* • (3.17) 
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The constraints obtained on the «j parameters leave only one free parameter, which we 
choose to be aj and relabel as just a from now on. 

Making a supersymmetry variation of the Dirac equation (3.8) which, using the solution 
for the cti parameters, simplifies to 

= t)* a + iTuX^Xif^a^ - § XH a + laXiX 1 ^ 

- laTuXiX^ - ^r J r% , (3.18) 

we obtain the Klein-Gordon equation 

DX I a -d x iV-lX I a R = (3.19) 

where 

- \(X 2 )XixiX« X b K + XlxlxixZxfX?) . (3.20) 

By instead making a supersymmetry variation of the 50(8) field strength (3.16) we get 
the Cottino equation 

±e- l e^T p T,D v fP + gr CT r^ 6 (Xf X? X{ - \x{X 2 ) 
+2^-r I (y a D a X I a - D^ a Xi) + 2-^TPT a T I ^ a b p X I a (3.21) 
-\^Y a Y IJK Xixixf V d f abcd + ae-'TpTvfPX 2 = , 

which can be rewritten using the Dirac equation giving 

4e- 1 e^%r AtJ D 1 ,/ p - 2%e <T ' u T fl T I D v (* a X*) + 4£mvr'tf a b p X{ + 2ae~ 1 f CT X 2 
-2£T a T I * b {X?X?X I a - \xiX 2 ) + l^T^-^XixiX^^ = . (3.22) 

Performing a supersymmetry variation of the Cottino equation (3.22) yields the Cotton 
equation 

-^C pv + X 2 {R pu - \g„ v R) - 8g^V(X) + g pv UX 2 - D {p D u) X 2 

+ %{b^xib v xi - y^bpxlbpxl) = o (3.23) 

where we have only kept the purely bosonic terms. 

And finally, by using the Klein-Gordon equation (3.19) and the fundamental identity 
we can show that the Bianchi identity 

^ vp b p F up \ = (3.24) 

is satisfied. 

To summarise, starting from a general ansatz for the supersymmetry transformations 
we have been able to derive the field equations for conformal matter coupled to conformal 
Chern-Simons gravity in three dimensions by requiring that the supersymmetry algebra 
closes up to symmetry transformations of the theory. The most notable outcome of coupling 
to gravity is that the allowed gauge group is SO{N) for N > 1. 
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4 Superspace 



In this part of the paper we discuss these models from the superspace point of view. The 
fields can be thought of as belonging to three multiplets: conformal supergravity, Yang- 
Mills and scalar. The first of these can be described off-shell for any A/", and as this has 
been discussed previously in the literature [22-26] we have relegated it to appendix D. How- 
ever, the treatment given there is quite detailed and contains some previously unpublished 
material on the completeness of the solution to the Bianchi identities and TV = 6 as well 
as the conventions for this section. The basic feature of the off-shell conformal supergrav- 
ity field strength multiplet, for N > 4, is that it is given by a constrained dimension-one 
Lorentz-scalar superfield, Mjjkl, that is totally antisymmetric on its SO(M) indices. This 
superfield contains the Cotton and Cottino tensors amongst its components and can there- 
fore be thought of as the super Cotton tensor. A similar situation holds in the Yang-Mills 
sector where there is another constrained dimension-one superfield Wjj [27, 28]. The 
constraints are given in (D.9) for gravity and (D.20) for Yang-Mills. For conformal su- 
pergravity this leads to the multiplet structure given in Figure 1 in appendix D, while a 
similar picture, given by Figure 2, is valid for the Yang-Mills sector. On the other hand 
the scalar multiplets for M = 6 and M = 8 are on-shell. They both consist of (sets of) 
eight scalars and spinors so the basic constraints, which state that the former transform 
into the latter, necessarily imply the equations of motion by super symmetry. 

To construct the complete on-shell theory we therefore need to specify the super Cotton 
tensor Mjjkl and the Yang-Mills tensor Wu in terms of the scalar multiplet fields. Since 
these both have dimension one it follows that they must be bilinears in the scalar fields, 
and from the basic constraint on the latter it follows that the constraints on M and W are 
satisfied, and hence that the Bianchi identities for both gravity and Yang-Mills are also 
satisfied, as discussed in D.2. 

The problem is therefore to check that these equations are consistent with the Ricci 
identity for the scalar multiplet. 11 For the latter, the anti-commutator of two odd super- 
space derivatives acting on the scalar, or the spinor, will give rise to terms involving the 
torsion, the geometrical curvatures and the Yang-Mills field strength, and it turns out to be 
sufficient to check this anti-commutator for the scalars. From this consistency constraint, 
given that the Bianchi identities in the gauge and geometry sectors hold, the restrictions 
on the possible gauge groups that are allowed can be derived. By applying further odd 
derivatives one can then obtain the equations of motion for the spacetime fields. 

In the following we shall occasionally refer to (p, q) forms, superspace forms with p even 
and q odd indices. For example, the Bianchi identity for a Yang-Mills field is I := DF = 0, 
and the lowest-dimensional component of this is the one with all odd indices, i.e. Io,3- 

4.1 Matter multiplets 

For a vector field in D = 3 the conformal Lagrangian is the Chern-Simons term so that in 
the absence of any matter the equation of motion states that the spacetime field strength 
is zero, and the superspace extension of this is simply that the whole of the superspace 

11 By Ricci identity we mean the definition of a curvature in terms of a graded commutator of derivatives. 
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field strength vanishes. When matter is present the spacetime field strength will be given 
by the dual of the matter current and in superspace this implies that all components of the 
field strength will be given as bilinears in the matter fields. There have been discussions 
of these models in the literature in a superspace context in [29-31], from a pure spinor 
inspired point of view, in [32, 33] using superfields and the Nambu bracket formulation of 
BLG, and in [27, 28] in a more conventional approach that is close to ours. 

In this section we shall briefly recap what happens in flat superspace in a Lie-algebra 
formalism. We shall take the gauge group to be G x G' in N = 6 and recover the result 
that G = G' = SU{2) for M = 8. 

We begin with M = 8. 12 The scalar multiplet has eight scalars Xj and eight spinors 
A QJ 4', so the constraint on the superfield Xj must be 

D aA Xj = i(S 7 ) AA ,Af . (4.1) 

Here, the derivative is gauge-covariant with respect to the group G X G', so the Ricci 
identity is 

[D aA , Dp B ]Xj = i6 AB (j a ) a pD a Xj - aF aA fj B Xj + alX I F , aApB , (4.2) 

where a, a' are real constants. To check the consistency of the Ricci identity we can 
parametrise the variation of A as 

D aA Ap B > = ^(l a )a^i)AB'D a Xi + e aP H AB , + (~f a )apH aAB , . (4.3) 

The first term is there in the absence of interactions while the fields appearing the second 
and third will be functions of the matter fields as we are on-shell. In order to determine 
these we need first to say something about the lowest-dimensional components of the 
fields strengths. The scalar X has dimension one-half, A dimension one and Fq^ also has 
dimension one. The latter can therefore only be bilinear in X. We have 13 

FaAfiB = iea^UisXjX} and F' aA p B = ie af3 (^ IJ ) AB X^Xj , (4.4) 

Using (4.1) we can easily see that these constraints are compatible with the Bianchi iden- 
tities for F, F'. The dimension three-halves component of F is given by 

FaftB = {laX)pB , (4.5) 

and similarly for F' where 



XaA = *(E 7 (XjA* - AX])) aA 

X ' aA = z(S J (X;A - A*X!)) aA . (4.6) 

12 For M = 8 the R-symmetry group is taken to be Spin(8) rather than 5*0(8) whence the spinor R- 
symmetry index A. See appendix D. 

13 In other words these equations give Wab and W' AB in terms of the scalars. 
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As discussed in appendix D it suffices to show that the (0, 3) component of the Bianchi 
identity holds, which it clearly does given equations (4.1) and (4.4) 

Substituting (4.3) into (4.2) we find, in the case of flat superspace, that H aB c = 0, 
and that 

2(Y, I ) [A C 'H B]C , = (Z JK ) AB (b(XjX* K X T - XjX}X K ) + c(XjX* k Xj + X I X}X K )) , 

(4.7) 

where b := i(a + a 1 ) and c := \{a — a'). The terms cubic in X contain the representations 
(1000), (0011) and (1100) of SO(8), but only the first two are contained in R AB ,. The 
mixed symmetry representation must therefore be excluded. It appears inevitably in the 
b term, so that b must be set to zero, i.e. a = —a'. This means that the coefficients 
of the two Chern-Simons terms in the spacetime action must have equal magnitude and 
opposite sign. The c term will also have a mixed symmetry component except for the case 
SU(2) x SU(2), and when A/ is real, 

X* -> X\, = e xy X y y'e y , x , V / , (4.8) 

where x,x' = 1,2 are doublet indices for the two SU(2)s. In this case, it is easy to see, 
using the cyclic formula 

AB*C + AC*B = Atr{B*C) , (4.9) 

valid for any real fields (as in (4.8)) in the bi-fundamental representation of SU (2) x SU(2). 
In this case one finds that only the totally antisymmetric X 3 term survives and that 

H AA/ = fa IJK ) AA ,Xf JK , (4.10) 

where Xf JK := X[jXjX K ] . 

In the ABJM case the scalar field Z A is complex, in the four-dimensional spinor rep- 
resentation of SU(4), the spin group of 50(6). As it is complex it can also carry a U(l) 
charge q with respect to the additional U(l) R-symmetry factor. In flat superspace the 
basic equations are: the variation of the scalar, 

D aI Z A = »(Ej)abA£ . (4.11) 

the Ricci identity, 

[D aI , Dfij\Z A = i5 u {l a ) a pD a Z A - aF aipj Z A + o!Z A F' aIfi j , (4.12) 
the variation of A, 

D aI Af = l -{ 1 a ) ap {Y II ) BC D a Z c + e a pHj B + ( 7 a )a^a/ B , (4.13) 
and the dimension-one components of the gauge field strengths, 

Fcjpj = iae aP ZY, IJ Z* and F' aIfjJ = ia'e a p Z*Z IJ Z . (4.14) 
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As in the the BLG case we can substitute (4.13) in (4.12) to find, firstly, that H a j B = 0, 
and then that 

4£ [/ #j ] = b(ZT, IJ Z*Z - ZZ*T, IJ Z) + c(ZT, IJ Z*Z + ZZ*Y, IJ Z) . (4.15) 
Making the SU (4) structure of these terms more explicit we find that the b term is 

2b{Y, I j) B c Z {A Z c Z B) , (4.16) 
whereas the c term is antisymmetric on AB. (4.16) can be rewritten as 

2b(Z KLM Z IJ ) AB t; KLM B . (4.17) 

The spinor £ can be expanded in terms of irreducible representations and we find that it 
contains the thirty-six dimensional (201) representation that does not drop out of (4.15) 
and that cannot be absorbed in Hj. So we again have to choose b = 0. On the other hand, 
the c term is compatible with (4.15) for any choice of gauge group of the form G x G'. One 
finds 

Hi A = c(0 - \^ J (j) A , (4.18) 

where 

d A := -^i) BC Z B Z A Z c . (4.19) 
4.2 Coupling to supergravity 

In this section we consider the coupling of the matter-gauge systems to conformal super- 
gravity. The idea is that we have to satisfy the Bianchi identities in the gravity and gauge 
sectors and the Ricci identity for the matter fields. For the ABJM case it turns out that 
the parameter b must still be set equal to zero and that the scalar multiplet can be coupled 
to the off-shell superconformal geometry, while for the BLG case the situation is more 
complicated. There one can couple the scalar multiplet to on-shell conformal supergravity, 
but only if the parameter b is non-zero. 

4.2.1 A/"=6 

The basic constraint on the scalar multiplet (4.11) is unchanged (although the derivative 
now includes the geometrical connections), and the dimension-one components of the gauge 
field strength tensors are also unaltered. However, the Ricci identity (4.12) is amended to 

[D a i, D/3j]Za = i5u{~f a ) a pD a Z A - aF aI pjZA + a'Z A F^ I/3J - iqGaipjZA - R a i/3J,A E ' Z B , 

(4.20) 

where q is the U{1) charge of the scalar field Z and the last term involves the SO(6) 
curvature in the spin representation, R A B = \(^ IJ )a B ' Rij- The variation of A is still given 
by (4.13), although the field H a cannot be set to zero. We now want to investigate the Ricci 
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identity on the scalar fields using the variation of the spinor, as before. The crucial terms 
come from the M x Z terms in the 50(6) and U(l) curvatures acting on Z. The key point 
is that these give rise to a composite object MijZa, (where, for M = 6, Mjj is the SO (6) 
dual of the super Cotton tensor Mjjkl), which decomposes into (201) + (Oil) + (100). The 
matter multiplet, as we discussed above, does contribute a term in the (201) when b ^ 0, as 
can be seen from (4.16). However, Mjj can only be proportional to tr(ZTiijZ*) on-shell, 
whereas (4.16) cannot be written in this form for any choice of gauge group G X G', not 
even for G = G' = SU{2). In the 517(2) x 517(2) case one can use (4.9) to write (4.16) as 
a sum of two terms involving traces. One of these has the correct form to be absorbed by 
MjjZa, but the other has the form tr(ZZ)Z* which cannot. We therefore conclude that 
b = in the presence of conformal supergravity as well as in flat space. 

This result means that the (201) representation in MjjZ cannot be absorbed by the 
matter sector and hence the two MZ terms in (4.20) must be arranged so that this term 
cancels between them. This requires the charge q to be With this choice the susy 
algebra on the scalars closes provided that the i7-functions in the variation of A are chose 
to be 



H a i A = 7 a /j(S J Z) A — -L a JK (T,ukZ) a 

Hj A = 1 -K U {Y> J Z) A + c(Ci - \^\j) A ~ m A + |(X/£V/) A , (4-21) 



where 



M U Z := fiu + . (4.22) 

Here, fijj denotes the (201), while \xi is the sum of the other two representations, (011) and 
(100). Note that this does not require that the conformal supergravity sector is on-shell, 
although of course one will need to impose this to obtain the full equations of motion. This 
is done by taking Mjj to be proportional to tv^ZYljjZ*). The conclusion is therefore that 
the N = 6 gauging of [10, 11] does not admit any further generalisation. 

4.2.2 Af=8 

The situation is somewhat different in M = 8. We shall start with the closure of super- 
symmetry on the scalars, for which (4.2) is modified to 



[DaA, Dp B )Xl = iSAB(l a )al3DaX I - aF a A^B^l + o! XiF' aA ^B - RaAf3B,I J Xj , (4.23) 

while the variation of the fermion is given in (4.3). We now find that there is a solution for 
the T/-fields in the variation of A for the gauge group SU(2) x SU(2) with non-vanishing 
conformal supergravity provided that b ^ 0. Explicitly we find 
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Haa> = ^P'U^KabXj + ^(S I ) AA ,(tr(X / X})X J - ^tiX 2 Xj) 

-q X UK 

H a AA' = -^{-(^^AA'LaljXj + -(T, IJK )AA'L a I.jX K ) , (4.24) 

where trX 2 : = trpf/X^). The ft term in H AA > can be absorbed by the geometry provided 
that we choose 

dj = 8ft(tr(X 7 X}) - hutrX 2 ) , (4.25) 

o 

where C/j is the super Cotton tensor for M = 8. (Its relation to Mabcd is described in 
Appendix D.) It might be thought that the terms in (4.24) involving Kab and L a sc could 
be ignored since their leading components can be gauged away (see Appendix D), but this 
is not correct because the spinorial derivatives of these fields include terms involving the 
gravitino field strength and the field Xabc (the dimension three-halves component of the 
super Cotton multiplet). In particular, the latter turns out to be (using (D.18)) 

14? ft 1 
A/ = -— (tr(XjA*) - -XjMXjA*)) . (4.26) 

This essentially solves the problem in superspace. It is tedious, but straightforward, 
to verify that the supersymmetry algebra closes on A and to obtain as a bi-product the 
equation of motion for the spinor field. It is 



j a D a A = --(2E 7J tr(AX/)Xj + 10tr(AX/)Jf 7 - tiX 2 A) 

+cJ: ij X i AX j - ^E J *X 2 + ^L a/ j 7 a S /J A (4.27) 
From this one finds the pure scalar terms in the scalar equation of motion to be 



D a D a Xj = b 2 {2,ir{X I Xj)tr{XjX K )X K - trX 2 tr(X / X J )X J - -tr(X J X x )tr(X J X K )X / + 
+ ^(tvX 2 ) 2 Xj) + 2c 2 XjX] JK X K . (4.28) 

The last term can be rewritten in terms of traces if desired. This corresponds to a potential 
that is proportional to 



V{X) oc ft 2 (^(XjXrftriXjX^triXjXK) - ^trX 2 tr^Xj) tr(X I X J ) + ^(trX 2 ) 3 
-c 2 tr(Xh K Xh K ) . (4.29) 
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For the geometrical sector the general analysis given in appendix D shows that we 
have a complete solution of the Bianchi identities provided that the field Mabcd satisfies 
(D.9) (with the indices replaced by A, B etc and with A5 being the dual of A3). That this 
is so is easily verified from (4.25) and (4.1). For the gauge sector we have already shown 
that the Bianchi identities are satisfied given (4.4) and (4.1). The dimension three-halves 
components are given by (4.5) and (4.6). The dimension-two components are given by 

F ab = SafiXjDcX*! - D c XjX} + ^A A '7cA^) 

Kb = -eafiXlDcXj - D c X* T Xj + l -k* A , lc k A ,) . (4.30) 

The equations derived above are covariant under super- Weyl transformations, although 
this is not manifest. A discussion of this topic can be found in Appendix D. 

4.3 M = 8 models with SO(N) gauge groups 

In the N = 8 modification of BLG we have seen that setting b = immediately implies 
that the background has to be superconformally flat, because Cu and hence all of the field 
strengths in the super Cotton tensor must vanish. On the other hand one can set c = 
without getting a free model. If the gauge group is SU (2) x SU{2) this means that the two 
Chern-Simons terms in the spacetime Lagrangian have equal magnitudes and signs. They 
can therefore be rewritten as a single SO {A) Chern-Simons term. It turns out, as we shall 
now show, that this model can be generalised to an SO(N) gauge group for any N. 

We now take the scalar field Xj, r = 1, . . . N to transform under the vector represen- 
tation of SO(N) as well as 50(8). Then (4.23) becomes 

[D a A, D/3b]Xj = i5 AB ( 7 a ) a pD a Xj - aF r aAfSB Xf - R aAfjB / r X r j , (4.31) 
while in (4.2) both X and A carry an extra SO(n) vector index and (4.4) is replaced by 

F™ ApB = t^ IJ ) AB X r I X s J . (4.32) 
We then find that the supersymmetry algebra closes on the scalars if we take 

C u = 8a(ti(XjXj) - UutrX 2 ) (4.33) 

o 

and 

H AA , = ^(E^KabXj + ^(S J )^(tr(X / X J ) - ^utvX^Xj . (4.34) 
5 Conclusions 

The main goal of this paper has been to derive the possible topologically gauged M2-brane 
theories with six and eight supersymmetries. We have done this by combining results from 
three different methods, partly from expediency and partly because the different approaches 
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illuminate different aspects of the problem with the results appearing in a different orders. 
Clearly each of these methods, Noether, algebraic on-shell supersymmetry and superspace, 
would by itself provide a complete and consistent way to derive any of the topologically 
gauged theories discussed in this paper. 

In the case of M = 6 supersymmetry we have shown rigorously that there are no further 
possibilities for topological gauging of the ABJM models beyond those that have already 
appeared in the literature [10, 11]. On the other hand, for M = 8, we have seen that 
the gauged BLG theory can accommodate an extra interaction in the presence of gravity 
provided that the coefficients of the two SU{2) Chern-Simons terms no longer have the 
same magnitude. When the standard BLG sextic potential is switched off this results in a 
new interacting theory with a single 50(4) Chern-Simons term. Furthermore, this model 
can be extended to arbitrary SO(N) gauge groups. Note, however, that for special values 
of the parameters in the deformed BLG the 50(4) is reduced to 50(3). 

One general feature of these topologically gauged theories is the appearance of new 
terms in the scalar potential. If evaluated for a single scalar field vacuum expectation 
value v, the new potential picks up a non-zero value V(v) which implies that all these 
theories have ^4c?53 vacuum solutions of various kinds. In the M = 6 cases considered in 
[10, 11] the resulting topologically massive supergravity theory ended up at the chiral point 
corresponding to that discussed by Li, Song and Strominger in [12]. However, the theories 
with eight supersymmetries obtained in this paper have different solutions depending on 
how many scalar fields are given the VEV v. As explained in section 2, in this way we 
find both critical AdS% backgrounds and critical warped AdS^ ones corresponding to those 
discussed in [13]. 

The interpretation of these new models in terms of membranes is not immediately 
apparent. We have argued in the introduction that they might correspond to branes in the 
context of AdS/CFT with mixed Dirichlet-Neumann boundary conditions as suggested in 
[7]. It would be interesting to study whether this tentative identification can be established 
with more certainty. 
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A Comparing conventions 

A.l Conventions in the Noether approach 

We use here the convention 

e pup . £ 012 = +1 (A.l) 

together with 

ey 4 " = e""'7 P , \e^ lvp = -e^, e^e TUp = -2e 2 5» . (A.2) 
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The eight internal gamma matrices P are 16 x 16, antisymmetric and commute with 
the ones in space-time 7^. 



A. 2 Supersymmetry conventions 

The choice of the dimension zero torsion in superspace T a p a = —i^p Implies using the 
superspace Ricci identity (the curvature term is not needed here) 

{D a ,D p } = -T a(S a D a = i-faDa , (A.3) 

which can be turned into a commutation relation for two supersymmetries as follows. Form 
8\ = e®D a and the same for the second one, and construct the commutator. We find that 

[Si, Sz] =ie 11 a e 2 D a . (A.4) 

Now we compute the same commutator from the transformation rules of the component 
fields in the Noether and algebraic approaches. Using 

JJCj=ieTV«, ty a = T i <feD li Xi, (A.5) 

(note the order of the gamma matrices in 5ip a which makes it valid in both component 
approaches) we find that 

[<5i,<5 2 ] = -2ieiy t e 2 D M . (A.6) 

The difference in the factor of " 2" is clear since it is taken care of by the factor of ^ in the 
superspace approach, A in the Noether approach and the y/2 in the algebraic approach. 
The sign difference on the other hand is correct since the derivative and field realizations 
should give susy algebras with different signs on the right hand side. 

A.3 (7^,P) versus Y M = (P,^) versus ( 7 a , (E 7 )^') 

In the Noether and superspace approaches the 3d gamma matrices commute with the 8d 
ones, while in the algebraic approach they anti-commute. These choices are not significant 
and could have been done differently in each case. In the title of this subsection the matrices 
used in the three approaches are given in the order Noether, algebraic, and superspace. 
There is also some notational differences for the SO (8) gamma matrices. In the component 
approaches one uses P, with i an 50(8) vector index, which in superspace is replaced by 
Y, 1 and S 7 , now with I as the vector index. One can check that the Clifford algebra in this 
case allows for two different kinds of gamma matrices. While the metric in spinor space 
must be symmetric the P matrices themselves can be either symmetric or antisymmetric. 
The Noether approach uses antisymmetric P matrices but in the superspace approach this 
is not an issue since only the 8x8 blocks T, 1 and Y, 1 appear. If needed the relation between 
the gamma matrices is 



p 



where Y 1 = — Y 1 while in superspace it is understood that if needed Y 1 = Y 1 is used. 
Note that the chirality of the R-symmetry spinors is explicit in the superspace conventions 
where the gamma matrices are often written with spinor indices as (Y i )a a ' ■ 
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B Cancellation of eip 3 X in the Noether approach 

One interesting term to check here is eip s X without a structure constant. Such terms come 
from the following variations 

SL Dirac \ SB = f^ al ^i; a 5Bji, (B.l) 
SL Dirac \ SA ,nof = ^a-ffoSAf, (B.2) 

and 

MVuk.no/li* = %<MaX%5X% - W^ b X l a 5Xi + ^^Jj). (B.3) 
Inserting the relevant variations we get 

SL Dirac \ 5B = ^ a ^V^ a {-^ bl ^e m X 3 b ] - %i, bl ^ k e m X k ), (B.4) 

SL Dirac \ SA ,nof = f'tp a 'y' J '^b l i^mli Jr T% a X % b] , (B.5) 

and 

5L Yu k,nof\sx = §e(^ a Xt - W^ b X k + 2^ a T ik ^ b X i a )(-i^ b T k e m ) . (B.6) 

To find the identity that must be proven by fierzing we drop ^X k from the above expres- 
sions and get (after writing the three-algebra indices in the right way for fierzing) 

+\^ al ^M bl ^ k e + Brk-f^a-y^e = . (B.7) 

We now would like to Fierz these terms so that the two fermions with the index a sit 
together. The possible terms are then 

V^a, ^ a r tjkl ^ a , ^al^^a, (B.8) 

since the spinors are chiral and only T 2n can appear between two spinors of the same 
chirality. Here we need the symmetrized Fierz identity: 

® V>6) = -h C ^b) + ^rr l ^ {a ^r^ b) - ^CT^ kl i; ia T^ k %, (B.9) 

which reads for a = b 

A ® Ipa = ~h C ^a + ^r^ alfi r^ a - ^Cr^aT^a. (B.10) 

If we multiply by the 3d charge conjugation matrix from the right and use ipC = tp this 
becomes 

V>« ® & = -^ai> a + ^r l ^ allM r^ a - ^r«' fc, ^ r« fc ty a . (B.ll) 

We now construct the three Fierz expressions needed in the 2nd, 3rd and last terms 
above: 

® ^a|r fc e = -^ b T k e^ a ip a + i^r^e^T^ - ^^ b Y^ kl T k e^ kl ^ a 

(B.12) 
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and finally 

= -^ b T k e^ a - ^ 67 TJr fc ei 7l/ r^ tt - ^ b T^ kl T k e^ kl i> a (B.14) 
First we add up the —■^^'4) b T' l: ' kl T k e'ip a T l ^ kl '4 ; a terms which cancel since 

-20-4 + 3-8 = 0, (B.15) 
and secondly we check the ^) a i^ a ^) b Y k e terms which cancel since 

2 - 20(-^) - 4Q + 8(-^) = 0, (B.16) 
and finally the terms ^ b j fJ- F l: >T k e'ip a 'j ti r l: 'if; a cancel since 

- 20±T ij T k - 4±(-4T k T ij + T ij T k ) + 31*5** + \T ijk + 8(-±)T ij T k = 0. (B.17) 
Thus we find that the eip 3 X terms cancel in the supersymmetry variation of the lagrangian. 

C Closing the SUSY algebra 
C.l Conventions 

We essentially use the same conventions as in [3]. For example the T-matrices are 11- 
dimensional, and using the chirality properties of e, we get 

T^e = e^pVe (C.l) 

for dualizing T-matrices with three-dimensional indices (same sign for acting on Xa, oppo- 
site sign when acting on \& a ). For T-matrices with eight-dimensional indices we have the 
following dualization relation 

(_iy»(p-i)/2 

= 1 (8 _ p) , ^-// P+1 - J8 r (8 ) , (c.2) 

where I^g) is the product of all T-matrices with eight-dimensional indices. 

c.2 [*i,a 3 ]tt a 

Here we will give some more details on closing the SUSY algebra on ty a focussing on one of 
the main differences compared to the analysis in [3], namely that we need to allow for su- 
perconformal transformations in the right hand side of the algebra. Under superconformal 
transformations ^ a transforms as 

5 s ^a = XiT'ri (C.3) 
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where 

V = ^{li(e 1 T^ 2 )r^r J X^ b + ^(e 1 r LM e 2 )T L X^^ b 

+ %(e 1 T LM e 2 )T LMN X b N * b + $ {l^ Ll ... u e 2 )m L ^ X^ b (C.4) 

+^(e 1 r / ,r Ll ... L4 e 2 )r^r Li - L * M x* / M/ 6 ) . 

We first analyse the term in (3.6). As can be seen from (3.5) this term does not 
represent symmetries of the theory and it must therefore vanish. As a consistency check 
we note that all terms containing the three-algebra structure constants cancel against 
each other, just as in the BLG analysis [3]. There are three different gamma-structures 
represented by the ellipses in (3.6). The ones with two and six SO (8) gamma matrices, 
which contain just one type of term each, combine via duality to give 

«3 - 2a 4 + 4c*5 — 2a6 — a-j — ^74 - ^75 = . (C.5) 

The terms coming with four SO (8) gamma matrices contain two independent structures 
with respect to the three-algebra indices. One of these structures further split into three 
independent terms which, however, give rise to the same equation. In this way we get 

— 2a6 + aj = , 

a 3 + 2a 4 - 4a 5 - 2a 6 - a 7 - §74 + ^75 = . (C.6) 

We can now combine the equations and summarize the constraints from the term in 
(3.6) as 

03 — 207 = , 

-a 4 + 2a 5 - ^74 - 375 = , (C.7) 

— 2«6 + «7 = . 

We now turn to the I^ 1 ) term in (3.6). From (3.5) it follows that the only contribut- 
ing symmetry transformation is the transport term, and the reminder becomes the Dirac 
equation 

= M a + iTuXlxif^^ + (sa + a 5 )X 2 V a 

+ (2a 5 + |a 7 - ^71 - ~ gb0*£*6*6 ( C - 8 ) 

+ (2« 5 - - ^74 - ^)TijXix^ b - ^Afr'r^ . 

The remaining part of (3.6) is the term, which now turns into a consistency con- 
dition as it has to be written in terms of the Dirac equation above [3] , and the remaining 
symmetry parameters in (3.5). This leads to six equations, one coming from a structure 
with four gamma matrices, and five coming from structures containing two gamma matri- 
ces. The condition from the structure with four gamma matrices yields 

«s + i«7 + ebi + 3^73 - 2^74 - £bs = . (C.9) 
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The equations coming from the linearly independent structures with two gamma matrices 
are 

«5 + \0L1 + gjTL + ^73 - ^74 - gl75 = , 
«5 " I«7 + gjTi + MT2 " ^74 " ^75 = , 
-3q 5 - \a 7 - i 7l + ^73 + J| 7 4 + §75 = , (CIO) 

4^ - 8a 5 - a 7 = , 
Q7 — 2«6 = . 

Solving all the above equations yield 

= 2a 5 + ia 7 , 
«3 = 2a 7 , 
"6 = \oli , 

71 = —6804 + 805 — 16a 7 , 

72 = 24«4 + 1605 + 32a 7 , 

73 = 12a 4 + 8a 5 , 

74 = -16a 4 + 32a 5 - 475 . 

(C.ll) 

C.3 Summary 

The resulting Dirac equation becomes 

- laVuXiX^, - ^XiT 1 ^^ . (C.12) 

and the supersymmetry variations, after closing the algebra on all the fields, takes the 
form 

5e^ a = a 1 ieT a x l M , 

5B 1 / = -laie-^r^r^r + 2ia^> a T ^ eX J J - {a^> a T K T IJ T ^ 

+2if i {x»T K[I e)X$X« + i^( x ,r IJ e)X 2 + 0{ X % 
SXf = ilT^a , 

5* a = -(D,Xi - l-x^^T^e + \XlX J c Xf T IJK ef bcd a (C.13) 
- laT'eXiX 2 + laVUxixixl + 0( X 2 ) , 
SAja = ieT^X^J^a - iaeT^X 1 ^^ + ^{eT IJ x^Xj f cdb a 
-i^-(er IJ x,)X^X J a +0(x 2 ) , 

where a\ = ±y/2 and we have replaced a 7 by just a. 
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D Superconformal geometry 



D.l Conformal constraints 

TV-extended conformal supergravity can be described in terms of the geometry of a super- 
manifold M with (even|odd)-dimension (3\2Af). As is usual in superspace, it is convenient 
to work in a preferred basis specified by a set of basis forms = (E a ,E aI ), where 
a = 0, 1,2 is a Lorentz vector index, a = 1,2 is a spinor index and I = 1, . . . M is an 
SO{M) vector index, and their vector duals. The structure group is SL(2,W) x SO(Af), 
and the connection 0_4 takes its values in the Lie algebra of this group. The torsion 
and curvature are defined as usual. 14 The only constraint necessary to describe off-shell 
superconformal geometry is 

T aI(U c = -i5u{l c )ap ; c = 0,1,2. (D.l) 

Using the Bianchi identities and all possible conventional constraints, which correspond 
to choosing the connection and the even vector basis E a , we find that the only other non- 
zero torsion components are 



W* = WKj K + (tV W , (D.2) 

where Kjj is symmetric and L a hjj is antisymmetric on both pairs of indices, and the 
dimension three-halves torsion whose leading component is the gravitino field strength. 
The dimension-one curvatures are 



RaI/3J,cd — —2'i(lcd)al3KlJ ~ ^a^cdlj 
RaIpJ,KL = i£afs(M IJKL + 45[/[ X ^J]L]) ~ (4£(/[k£ ./)L] - SljL aKL ) , (D.3) 

where L a t> = e a b c L c , and Mjjkl is totally antisymmetric. The dimension three-halves 
Lorentz curvature is 

Raf3J,cd = ~(la^cd ~ ^[c^d]a)(3J , C°.4) 

where the dimension three-halves torsion has been rewritten as *& a tr/K- The SO(M) cur- 
vature, R a Bj,K L has gamma-traceless and spinor parts given by 

R a pi,JK = Xa/3IJK - idl{J^a/3K] 
RaI,JK = PaI,JK ~ Z^aUK + ^I[jPaK] ; (D-5) 

where we have decomposed the dual of the gravitino field strength as ty a = + 7a ^ and 
where Pi^jk and Xijk are in the irreducible (i.e. traceless) tableaux [jjp and ~. The field 



14 The conventions used in the superspace sections can be found in [25], for general M and [34] for M — 
although i,j are used there for SO(Af) vector indices instead of J, J. 
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X is also totally antisymmetric as well as being Lorentz gamma-traceless. The derivative 
of Kfj is given by 



DalKj K = 2p a ^ K )j + 25 I yK aK ) + djKKal 



(D.6) 



while the derivative of L a u is 



DalLaJK = XaaUK + ^I[J^aaK] + (la) a (A/ JK + Pl,JK + 2$ I[J<? K]) /3 , 



(D.7) 



The spin one-half fields in the vector representation of SO (8) are related by 




K 



f = 2a- 4* 



4 




(D.8) 



In addition, we have 



DalMjKLM = i^IJKLM + 12i5j[j\ aKLM ] . 



(D.9) 



This geometry describes an off-shell superconformal multiplet [22]. The interpretation 
of the dimension-one fields, K, L, M, is as follows. The geometry is determined by the 
basic constraint (D.l) which is invariant under Weyl rescalings where the parameter is an 
unconstrained scalar superfield. This means that some of the fields that appear in the 
geometry do not belong to the conformal supergravity multiplet. At dimension one K and 
L are of this type, so that we could set them to zero if we were only interested in the 
superconformal multiplet. The field Mjjkl, on the other hand, can be considered as the 
field strength superfield for the conformal supergravity multiplet [22]. Similarly, at dimen- 
sion three-halves, the fields Xijk and Xijklm are components of the Cotton superfield, 
while a, p and x are like K and L in that their leading components can be removed by 
super- Weyl transformations [22-24] . It is easy to see that these fields correspond to the # 3 
components of a scalar superfield. 

The fact that M is not expressible in terms of the torsion is due to a lacuna in Dragon's 
theorem [24, 26] which in higher-dimensional spacetimes states that the curvature is so 
determined [35]. We recall that in three-dimensional spacetime there is no Weyl tensor 
but that its place is taken by the dimension-three Cotton tensor. This turns out to be a 
component of the field Mjjxl so that we could refer to the latter as the super Cotton tensor. 
Using the notation [k,l] to denote fields that have k antisymmetrised SO(M) indices and 
I symmetrised spinor indices, one can see that the component fields of the superconformal 
multiplet fall into two sequences starting from Mjjkl [25]. The first has fields of the type 
[4 — p,p], where the top ([4,0]) component is the supersymmetric Cotton tensor, while the 
second has fields of the type (4 + p,p) and therefore includes higher spin fields for J\f > 8. 
There is also a second scalar [4, 0] at dimension two. Fields with two or more spinor indices 
obey covariant conservation conditions so that each field in the multiplet has two degrees 
of freedom multiplied by the dimension of the SO(N) representation, provided that we 
count the dimension one and two scalars together. It is easy to see that the number of 
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bosonic and fermionic degrees of freedom in this multiplet match. Diagrammatically, we 
have the following picture: 



[4,0] 

[5,1] [3,1] 




[6,2] [4,0] [2,2] 




[0,4] 

Figure 1 



The dimension of the top field (i.e. Mjjkl) is one and thereafter the dimension 
increases stepwise by one-half as one goes down the diagram. The spins of the fields are 
given by the second entry divided by two. For N < 4 the top field will be the one with 
M internal indices; for example, in N = 3 it will be the dimension three-halves field [3, 1] . 
The right sequence clearly terminates at [0, 4] but the left sequences can continue to higher 
spin for TV > 8. The fields [2,2], [3, 1] and [0,4] are the SO(M) gauge field strength, the 
supersymmetric partner of the Cotton tensor (Cottino), and the Cotton tensor respectively. 
In the case of N = 6 there is an additional U(l) fields strength [6, 2] that plays a key role in 
the ABJM model. It is therefore permissible in this case to introduce a new field strength 
two-form G that satisfies an abelian Bianchi, dG = 0. At dimension one we can take 



Gcjpj = ie a pMu , (D.10) 

where Mjj := ^sjjklmnM klmn is the dual of the four-index scalar appearing in the 
dimension-one SO(6) curvature. The dimension three-halves Bianchi identity for G then 
implies that 

D a iMj K = 2i5 I [ J X aK ] + 3iX aIJK , (D.ll) 

where Xijk is the dual of Xijk and A/ is the dual of Xijklm- Indeed, (D.ll) is equivalent 
to (D.9) for Af = 6. The dimension three-halves component of G is 
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GafiJ = -*(7aAj)/j • (D.12) 

In M = 8 one can impose a duality condition on the dimension-one scalar fields that 
halves the multiplet; the fields in the left sequence become the duals of those in the right 
sequence. The dimension-two scalar fields also obey a duality constraint but it is opposite 
to that for the dimension-one scalars. A consequence of this is that there is no off-shell 
Lagrangian for the J\f = 8 theory. 

In addition, in J\f = 8 we can take the R-symmetry group to be Spin(8) rather than 
50(8) [26, 34]. It turns out that this is the correct choice in order to describe the theories we 
are interested in, and so we shall switch to this for the remainder of the paper. We denote 
the spinor indices by A, B, . . . ((0010) representation) and A'.B' . . . ((0001) representation), 
while we keep I,J,... for the vector representation (1000). All three types of index can 
take 8 values. So for M = 8 we shall take the basis odd one- forms to be E aA , and in 
the above formulae for the components of the torsion and curvature tensors replace all the 
internal vector indices by unprimed spinorial ones. 

The super Cotton tensor Mabcd will be chosen to be self-dual, i.e. in the represen- 
tation (2000), which is equivalent to a symmetric traceless second-rank tensor denoted by 
C u : 

Mabcd = j^(^ IK ){ab(^ J k)cd\Cij > (D.13) 

or, inverting, 

C u = ^(Xik)ab(Xj K )cdM abod . (D.14) 

Furthermore, we can relate the algebra indices on the curvature in three eight-dimensional 
representations by means of S-matrices: 

R AB = h^ IJ ) AB Ru ; R A , B , = ^ IJ ) A 'B'Ru ■ (D.15) 

Inverting, we have 

Rjj = ^jj) AB R AB = ^jj) A ' B 'R A/B/ . (D.16) 

Clearly similar formulae apply to any second-rank anti-symmetric tensors, such as L a jj. 

The dimension three-halves curvatures and relations are given by equations (D.5) to 
(D.9) but with /, J,K, .. replaced by A, B, C. The five-index A spinor is the dual of \ AB c 
multiplied by a factor of 1/3. The field \ AB c can also be written as a S-traceless primed 
vector-spinor Xj A >, with 

\ IA , = -i(S J ) j4 ^(S JJ ) BC A AB c , (D.17) 

and it is easy to check that 

Kia> = ^ J ) A ' A D aA C u . (D.18) 
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For the Yang-Mills sector there is a similar off-shell multiplet which is relevant to the 
superconformal case, i.e. the Chern-Simons Lagrangian. The (0, 2) component of the field 
strength two-form F is taken to be [27] 



Faipj = ie a pWu , (D.19) 

where Wu, which is in the adjoint representation of the gauge group, is antisymmetric 
on its SO(J\f) indices (and we assume J\f > 2). The lowest-order Bianchi identity will be 
satisfied if 

D a iWjK = D a[I W JK] - j^— x b l{J D L a W K]L , (D.20) 

where the derivative is now covariant with respect to the gauge group as well as the 
geometry. The multiplet described by this constraint is rather similar to the super Cotton 
multiplet. Its independent components can be represented by a similar diagram with top 
vertex given by a field [2, 0] which is the leading component of Wij\ 




Figure 2 

The fields on the right diagonal terminate at [0,2], i.e. F a b, while the fields on the 
left diagonal generically involve higher-spin components that obey covariant divergence 
constraints. This multiplet is off-shell but can only be used to construct an off-shell La- 
grangian for the cases M = 2,3,4 (with self-duality imposed for the latter), but not for 
the cases we are interested in. (Although there is an off-shell version of Chern-Simons 
gauge theory in J\f = 6 harmonic superspace [36]; for other discussions of Chern-Simons 
theories in harmonic superspaces, including ABJM in M = 3 harmonic superspace, see e.g. 
[37, 38].) 

D.2 Completeness of the solution 

It is easy enough to see at the linearised level that the components in the Cotton superfield 
with spins > 1, i.e. two or more symmetrised spinor indices, must also obey conservation 
conditions which must become covariant conservation constraints in the full theory because 
otherwise the degrees of freedom account would go astray. This has not been verified 
directly, however, except for the Cottino and Cotton tensors in the case of N = 8. What 
can be said, however, is that there are no more constraints coming from higher-dimensional 
Bianchi identities, and that we therefore have a complete solution to these equations, even 
for N > 8. 
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We can show this making use of the idea which is based on the fact that the Bianchi 
identities themselves obey identities even when they are not satisfied [39]. 15 These are 

DX = : DX A = -E B X B A ; DX A B = , (D.21) 

where X , X A and X A B are respectively the Bianchi identities for the Yang-Mills field strength, 
the torsion and the curvature, and where we have made use of the Ricci identity, D 2 ~ 
F + R. The idea now is to show that when a subset of the Bianchi identities have been 
satisfied then the other, higher-dimensional ones automatically are by virtue of (D.21). For 
this we shall need to use a little bit of superspace cohomology. The basic idea is that a 
given ra-form can be split into (p, n — p) bi-degrees where the pair (p, q) denotes the num- 
ber of even (odd) indices on a particular component, with increasing p corresponding to 
increasing mass dimension. Moreover, the exterior derivative d splits into components with 
bi-degrees (—1,2), (0,1), (1,0) and (2,-1). The first of these, denoted to, has dimension 
zero and is purely algebraic. On a (p, q) form it operates by contracting one of the even 
indices with the vector index on the dimension-zero torsion and then by symmetrising over 
the q + 2 odd indices thereby giving a form of bi-degree (p — 1, q + 2). It squares to zero and 
is thus associated with its own cohomology Hf ' q [40]. It is the only one we shall need in 
the following. Suppose we have an equation of the form duo = where uj is an n-form, and 
suppose that the lowest non-vanishing component of to is to p>q . Then the lowest non-trivial 
component of dto = is tQio p>q = 0, and is thus purely algebraic. We shall always assume 
that the dimension-zero torsion is as given in (D.l) and so solving this equation is the same 
as in flat superspace. In three dimensions, for J\f > 2, the key fact is that Hf' q = for 
p > 0. This can be seen via dimensional reduction [41, 42] or directly in three dimensions 
[43]. 

A simple example is given by the Yang- Mills case. Suppose that we have solved the 
lowest-dimensional component, i.e. Z0.3 = 0. Then DX = implies that £0^1,2 = 0. Since 

1 2 

H t ' =0, we must have I12 = £o^2,o> so that solving this Bianchi identity component by 
setting J2 j o = simply allows one to solve for i^o in terms of the lower-dimensional fields. 
Then with X\^ = similar arguments show that X^\ = = 0, in other words, a complete 
solution to the identities is guaranteed if Xq^ — 0, i.e. if (D.20) holds. 

For the geometry, we shall suppose that the torsion Bianchi identities have been solved 
up to dimension three-halves, so that the torsion and dimension-one curvatures have the 
form given above. (The dimensions of the (p, q) components of the identities are given by 
(p + — k where k = 1, 1/2, for X a ,X—,X A respectively, where a denotes a combined 
spinor-internal index.) Furthermore, the dimension three-halves field strengths are deter- 
mined in terms of derivatives of the dimension-one fields. Using the second of equations 
(D.21) one can show that the dimension three-halves identity Xo^ ab must be identically 
satisfied, although this is not true for Xq ^ ij . The remaining condition that comes from 
this identity component is the constraint on the derivative of the super Cotton tensor (D.9). 
We can now use the third equation in (D.21) to show that the dimension-two components 
of X_4 S , namely Xi^ ab and X\^ J , are solved by specifying the (2,0) Lorentz and SOiN) 

15 We assume here that N > 4 although only minor modifications are needed for the other cases. 
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curvature components in terms of derivatives and bilinears in the dimension-one fields, as 
in the Yang-Mills case. The second of equations (D.21) can then be used to show that the 
torsion identities are identically satisfied at dimension- two, and it is a simple matter to 
confirm that there are no new conditions arising at dimension five-halves, again with the 
aid of (D.21). 

The upshot of this analysis is that all of the non-zero components of the torsion and 
curvature tensors are determined as functions of the independent dimension-one fields K, L 
and M and their derivatives, and that the super Cotton tensor satisfies the constraint (D.9). 

D.3 Super- Weyl covariance 

The modified BLG theory given above couples the superconformal geometry to the N = 
8 matter system which is superconformal in the flat space limit. We therefore expect 
the combined system to be invariant under super- Weyl transformations as well as super- 
diffeomorphisms, but this is not manifest in the formalism. In this subsection we show that 
the Dirac equation (4.27) is indeed super- Weyl covariant in that it scales homogeneously 
under super- Weyl transformations. 

The latter can be defined as follows. For any variation of the supervielbein and con- 
nections we define 



H A B = E A M 5E M B 
$A = E A M 5Q M , (D.22) 

where Qm is either the Lorentz or 5*0(8) connection. The variation of the torsion is given 
by 

5T AB C = 2D [A H B] C - T AB V H V C - 2H [A V T\ V \ B] C + 2<S> [AB] C , (D.23) 

where the antisymmetrisation brackets are graded. In order to preserve the constraints on 
the torsion under a super- Weyl transformation with parameter an unconstrained superfield 
S we must take 



HaA 133 = -5 a l3 SA B S ; H a b = -25 a b S 



H/ B = -2i{ la )^D*S , (D.24) 



and, for the connections, 



®aA,bc = ^{lbc)a D^ A S 
®aA,BC = -^A[B D a c]S 
$a,bc = 4r] a [ b D c] S 

<Z> aiBC = 2iD 2 aBC S , (D.25) 
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where 



D aA D pB S = l -5 AB {l a ) a pD a S + e aP D\ B S + (n a ) a pD 2 aAB S (D.26) 

defines the second-order derivatives which are respectively symmetric and anti-symmetric 
on their SO (8) indices. The dimension-one supergravity fields transform as 

5Cu = 2SCu 
5K AB = 2SK AB - 2iD 2 AB S 

6L aBC = 2SL aBC - 2iD 2 aBC S . (D.27) 

The last two equations here show that the leading components of K and L can be 
transformed away using the 8 2 components of 5. For the matter fields we have 

5<f) i = Sct>i 

5Ka> = 2SA aA , - i{{Y?) AA ,D aA S)4>i , (D.28) 

and we take the one-form gauge potentials to be invariant, so that the components with 
respect to a preferred basis transform only because of the supervielbein factors. In order 
to compute the super- Weyl variation of the Dirac equation we also need the variation of 
the gravitino field strength ^ We have 

T ab ^ c := e abc ^ c (D.29) 

and we set 

* a :=:* a + 7a * (D.30) 

in terms of irreducible Lorentz representations. From the variation of the dimension three- 
halves torsion we find 

An 

5^ aA = 3SV aA + j(j a D a DS) aA - AiK AB D aB S . (D.31) 

If one now simply varies all of the terms in the Dirac equation using the above formulae 
one finds, after a few pages of algebra, that the whole equation transforms with a factor of 
35, reflecting the fact that it is a dimension three-halves equation. 
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